Abstract. We study divisibility properties of certain sums and alternating sums involving binomial coefficients and powers of integers. For example, we prove that for all positive integers n 1 , . . . , n m , n m+1 = n 1 , and any nonnegative integer r, there holds
n i + n i+1 + 1 n i − k ≡ 0 mod (n 1 + n m + 1) n 1 + n m n 1 , and conjecture that for any nonnegative integer r and positive integer s such that r + s is odd, n k=0 ε k (2k + 1)
There have been lasting interests in binomial sums. Although some binomial sums have no closed formulas, it is still possible to show that they have some nice factors. For example, a result of Calkin [2] reads Generalizing Calkin's result, Guo, Jouhet, and Zeng [8] proved, among other things, that n i + n i+1 n i + k ≡ 0 mod n 1 + n m n 1 for all n 1 , . . . , n m ≥ 1 and n m+1 = n 1 . Recently, motivated by the moments of the Catalan triangle (see [3, 11] ), Guo and Zeng [10] were led to study some different binomial sums and proved the congruence
n i + n i+1 n i + k ≡ 0 mod n 1 n 1 + n m n 1 for all n 1 , . . . , n m ≥ 1 and n m+1 = n 1 . In this paper we will prove some divisibility properties of another kind of sums and alternating sums involving binomial coefficients and powers of integers. Let N denote the set of nonnegative integers and Z + the set of positive integers. One of our main results may be stated as follows.
Theorem 1.1. For all n 1 , . . . , n m ∈ Z + , n m+1 = n 1 , and r ∈ N, there holds n i + n i+1 + 1 n i − k ≡ 0 mod (n 1 + n m + 1)
where ε = ±1.
Actually, we shall derive Theorem 1.1 from the following more general result.
Theorem 1.2. For all n 1 , . . . , n m ∈ Z + , n m+1 = n 1 , and r ∈ N, there hold 
By the formulas of Ψ 1 (n), Ψ 3 (n) and Ψ 5 (n) (see [12, Remark 11] ), we conjecture that Ψ 2r+1 (n) is divisible by 2n n . More generally, we have Conjecture 1.3. For all r ∈ N and n, s ∈ Z + such that r + s ≡ 1 (mod 2), there holds
As a check, let n = 7, for all r ≥ 0 and s ≥ 1 such that r + s ≡ 1 (mod 2), the sum In the next three sections we shall provide the proof of Theorem 1.2 corresponding, respectively, to the cases m = 1, m = 2 and m ≥ 3. We then prove Theorem 1.4 in Section 5. Finally we give some further consequences of Theorem 1.1 and related conjectures in Section 6.
Proof of Theorem 1.for
The m = 1 case of Theorem 1.2 may be stated as follows.
Theorem 2.1. For all n ∈ Z + and r ∈ N, there hold
Proof of Theorem 2.1. We proceed by induction on r. For r = 0, we have
For r ≥ 1, observing that
we have
for n ≥ 1. For the above recurrences we derive immediately that
and Q 1 (1) = −6, Q 1 (2) = 0, Q 2 (1) = −12, Q 2 (2) = 120, and Q 1 (n) = Q 2 (n) = 0 for n ≥ 3. Therefore, Theorem 2.1 is true for r = 0, 1, 2. Now suppose that r ≥ 3 and Theorem 2.1 holds for r − 1. Then P r−1 (n) is divisible by (2n + 1) 2n n n 2 , and 2n(2n + 1)P r−1 (n − 1) is divisible by
By (2.1) we see that P r (n) is also divisible by (2n + 1) 2n n n 2 . This completes the inductive step for P r (n). Similarly, by (2.1) we can prove the case for Q r (n).
We may also consider the following sums:
It is easy to see that
Similarly to (2.1) and (2.2), we have
By (2.3)-(2.6) we immediately obtain the following result.
Corollary 2.2. For n ∈ Z + and r ∈ N, there hold
where α(n) denotes the number of 1's in the binary expansion of n.
3 Proof of Theorem 1.2 for m = 2
We first give two combinatorial identities.
Lemma 3.1. For all n 1 , n 2 ∈ N, there hold
Proof. It is easy to see that the left-hand side of (3.1) may be written as
which is equal to the right-hand side of (3.1).
Replacing k by −k − 1 in the left-hand side of (3.2), we observe that
It follows that (3.2) is equivalent to
Since
to prove (3.3), it suffices to establish the following two identities:
which follow immediately by comparing the coefficients of x 2n2 in the expansion of
This completes the proof.
Remark. We can give another proof of (3.1) and (3.2) by computing their generating functions and using the following identity
where ∆ := 1 − 2x − 2y − 2xy + x 2 + y 2 . The identity (3.4) is equivalent to the generating function of Jacobi polynomials. See [1, p. 298], [13, p. 271] or [4] for a proof of this identity, and [9] for an application to prove some double-sum binomial coefficient identities.
As an example, we compute the generating function for the left-hand side of (3.2):
Clearly the last expression is the generating function for the right-hand side of (3.2).
Then, the m = 2 case of Theorem 1.2 may be stated as follows.
Theorem 3.2. For all n 1 , n 2 ∈ Z + and r ∈ N, there hold
Proof of Theorem 3.2. We proceed by induction on r. Writing
we derive
From the above recurrences and Lemma 3.1 we immediately get
Therefore, Theorem 3.2 is true for r = 0, 1, 2. Now suppose that the statement is true for r − 1 (r ≥ 3). Then n 1 P r−1 (n 1 , n 2 ) is divisible by n 1 n 2 (n 1 + n 2 + 1)
By (3.5), we see that P r (n 1 , n 2 ) is divisible by n 1 n 2 (n 1 + n 2 + 1)
, and we complete the inductive step for P r (n 1 , n 2 ). The case for Q r (n 1 , n 2 ) is exactly the same.
Remark. Similarly, if we set
from which we can deduce that 2P r (n 1 , n 2 ) is divisible by n 1 n1+n2 n1
by induction on r. This result is the base of the inductive proof of [10, Theorem 1.3], though it was not explicitly stated there.
Proof of Theorem 1.2 for m ≥ 3
For all nonnegative integers a 1 , . . . , a l , and k, let
where a l+1 = a 1 , and let
Observe that, for m ≥ 3, we have
and by the Chu-Vandermonde formula (see [1, p . 67]) we have
Substituting (4.3) and (4.4) into the right-hand side of (4.1), we get
where l = s + k. Now, in the last sum making the substitution
we obtain the following recurrence relation
Similarly, we have 
where n m+1 = λ 0 = n 1 and the sums are over all sequences λ = (λ 1 , . . . , λ m−2 ) of nonnegative integers such that
Corollary 4.2. For all m ≥ 3 and n 1 , . . . , n m ∈ Z + , there hold
Note that the above identities show that the alternating sums in the left-hand sides are positive. When m = 3, applying the Chu-Vandermonde formula, we derive the following identities from Corollary 4.2:
Proof of Theorem 1.4
In this section we shall use the following theorem of Lucas (see, for example, [7] ). We refer the reader to [10, 14, 16] for recent applications of Lucas' theorem. 
Suppose that r + s ≡ 1 (mod 2) and s ≥ 1. Putting m = s and n 1 = · · · = n s = n in Theorem 1.1, we see that
Therefore, by the definition of A n,k , we have
, and so the congruence (1.1) holds if s = 1. Now suppose that 2n + 1 = p a (p ≥ 3) is a prime power. By Lucas' theorem, we have
which means that gcd 2n n , (2n + 1)
This completes the proof of Theorem 1.4.
Remark. It is natural to wonder which numbers n satisfy (5.1) besides those we just mentioned. Via Maple, we find that all such numbers n less than 300 are as follows: That is to say, Theorem 1.4 is also true for these numbers n. On the other hand, it is easy to see from Lucas' theorem that, if p and p 2 − p + 1 are both odd primes, then n = (p 3 − p 2 + p − 1)/2 satisfies (5.1). Via Maple, we find that there are 5912 such primes p among the first 10 
Consequences of Theorem 1.1 and open problems
For convenience, let ε = ±1 throughout this section. We shall give several interesting consequences of Theorem 1.1 in this section. Note that we can also give the corresponding consequences of Theorem 1.2 in the same way.
Letting n 1 = · · · = n m = n in Theorem 1.1, we have Corollary 6.1. For all m, n ∈ Z + and r ∈ N, there holds
For m = 2a + 1 ≥ 3, we propose the following conjecture:
For all a, n ∈ Z + and r ∈ N, there hold
Letting n 2i−1 = m and n 2i = n for 1 ≤ i ≤ a in Theorem 1.1, we obtain Corollary 6.3. For all a, m, n ∈ Z + and r ∈ N, there holds
Letting n 3i−2 = l, n 3i−1 = m and n 3i = n for 1 ≤ i ≤ a in Theorem 1.1, we obtain Corollary 6.4. For all a, l, m, n ∈ Z + and r ∈ N, there holds
Letting m = 2a + b, n 1 = n 3 = · · · = n 2a−1 = n and letting all the other n i be n − 1 in Theorem 1.1, we get Corollary 6.5. For all a, n ∈ Z + and b, r ∈ N, there holds
It is easy to see that Theorem 1.1 can be restated in the following form.
Theorem 6.6. For all n 1 , . . . , n m ∈ Z + and r ∈ N, the expression
is always an integer.
It is easy to see (cf. [15] ) that, for all m, n ∈ N, the numbers For example, we have
Similarly to the proof of Theorem 1.4, we can deduce the following results.
Corollary 6.8. Let r ∈ N and s, t ∈ Z + such that r + s + t ≡ 1 (mod 2), and let n ∈ Z + . If
In particular, if 2n + 1 and 2n + 3 are both prime powers, then (6.2) holds.
Corollary 6.9. Let r ∈ N and s, t ∈ Z + such that r + s + t ≡ 1 (mod 2), and let n ∈ Z + . If
In particular, if 2n + 1 and 4n + 1 are both prime powers, then (6.3) holds.
Conjecture 6.10. The congruences (6.2) and (6.3) hold for all n ∈ Z + and r, s, t given in Corollary 6.8. Table 1 : Some values of f (x) and g(x).
Let f (x) and g(x) denote the numbers of positive integers n ≤ x satisfying (6.4) and (6.5) respectively. Via Maple, we find that f (x) and g(x) grow a little slowly with respect to x. Table 1 gives some values of f (x) and g(x).
Using Lucas' theorem, it is easy to see that if 2n + 1 and 2n + 3 are both prime powers, then (6.4) holds. It is well known that the twin prime conjecture states that there are infinitely many primes p such that p + 2 is also prime. Therefore, if the twin prime conjecture is true, then so is Conjecture 6.11. Since the twin prime conjecture is rather difficult, we hope that Conjecture 6.11 might be tackled in another way.
In fact, we have the following more general conjecture:
Conjecture 6.13. For all r ∈ N and m, n, s, t ∈ Z + such that r + s + t ≡ 1 (mod 2), there holds
Note that the numbers
(m+n)!m!n! are called super Catalan numbers, of which no combinatorial interpretations are known for general m and n until now. See Gessel [6] and Georgiadis et al. [5] .
From Theorem 6.6 it is easy to see that, for all a 1 , . . . , a m ∈ Z + ,
is an integer. For m = 3, letting (n 1 , n 2 , n 3 ) be (n, n + 2, n + 1), (n, 3n, 2n), (2n, n, 3n), (2n, n, 4n), or (3n, 2n, 4n), we obtain the following three corollaries.
Corollary 6.14. For all a, b, c, n ∈ Z + and r ∈ N, there holds
Corollary 6.15. For all a, b, c, n ∈ Z + and r ∈ N, there hold We end this paper with the following challenging conjecture related to Corollary 6.18. n . By Corollary 6.18, it is easy to see that Conjecture 6.19 is true for n = 2, or m ≤ 6 and n = 4, 9, 10, 11, 3280, 7651, 7652 (with the help of Maple).
